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Yahia Medjahdi, Michel Terré, Didier Le Ruyet, Member, IEEE, Daniel Roviras, and Ali Dziri, Member, IEEE

Abstract—This paper provides a theoretical performance evaluation of the downlink of asynchronous orthogonal frequency
division multiplexing (OFDM) and filter bank based multicarrier
(FBMC) cellular radio communication systems. An accurate
derivation, for the interference caused by the timing synchronization errors in the neighboring cells, is developed. The multipath
effects on the interfering and desired signal are also considered.
Based on computing the moment generating functions of the
interference power, exact expressions are derived for average
error rates of OFDM and FBMC systems considering the
frequency correlation fading in the case of block subcarrier
assignment scheme.
Index Terms—Inter-channel interference, OFDM, FBMC,
asynchronous, frequency selective channel, moment generating
function (MGF), correlated Rayleigh fading.

I. I NTRODUCTION

B

EYOND traditional voice communication, wireless networks are currently evolving to support high speed data
applications such as video streaming and internet browsing
[1]. However, wireless communication systems are subject to
several impairments such as fading, pathloss and interference.
These effects can seriously degrade the quality of service and
lead to transmission failures.
An orthogonal Frequency Division Multiplexing (OFDM)
system is a type of multicarrier modulation which consists of
splitting up a wide band signal at a high symbol rate into several lower rate signals, each one occupying a narrower band.
System performance improves because subcarriers experience
flat fading channels and are orthogonal to one another thus
minimizing the threat of interference. However, the OFDM
performance tends to suffer from degradation because of possible episodes of imperfect time and frequency synchronization,
since a loss in orthogonality can occur between subcarriers at
the OFDM receiver [2].
The impact of asynchronous interference in OFDM systems has been intensively investigated in the literature. A
performance analysis of OFDM in the presence of timing
synchronization can be found in [2], [3], [4], [5]. Using
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the Gaussian approximation for interchannel interference, [6]
gives approximate expressions of the symbol error rates.
Moreover, the degradation of the signal to interference plus
noise ratio is a common criterion to analyze the impact of
timing non-synchronization on the system performance [3],
[7]. In [5], an interference modeling based on the so called
Interference Table [4], has been developed for two multicarrier
techniques: CP-OFDM with a rectangular pulse shape and for
Filter Bank based Multi-Carrier (FBMC) with a prototype
filter designed for a better frequency selectivity using the
frequency sampling technique [8].
Although interference analysis in OFDM single user has
become popular in literature e.g [9], [10], [11], the extension
of this analysis to a multi-cellular environment is not so
straightforward. This problem is significant for the following
reasons. First, in a multi-cellular environment the interference
stems from subcarriers distributed among several transmitters
which require more than one random variable (RV) to model
this interference, therefore, the analysis becomes more difficult. Second, in contrast to many researches based on the
classical Gaussian approximation [6], [12], we cannot always
rely on this approximation. For example, when the number
of interferers is large but there are dominant interferers, the
central limit theorem is no longer applicable [13], [14].
This paper presents an analytical interference analysis
related to asynchronous downlink OFDM/FBMC in multicellular environment, providing exact expressions of average
error rates in frequency selective fading channels.
The evaluation of the average error rate of a given transmission is considered as the most common criterion used in
the investigation of the impact of interference on the system
performance. Beaulieu [15], [16], based on the Fourier series
and a Chernoff bound technique, was able to express the
average of the Gaussian complementary distribution function.
A recent study [2] has presented a theoretical analysis of
the average error rate of an asynchronous OFDM system in
the special case of interleaved subcarrier assignment scheme.
However, to the best of our knowledge, there is no paper
addressing the impact of the asynchronous interference on the
bit error rate of the FBMC systems. Based on the interference
table model introduced in [5], we derive in this paper an
explicit expression of the bit error rate of time-asynchronous
OFDM and FBMC systems in the case of the block subcarrier
assignment, taking into account the correlation between the
subchannel gains belonging to a given block subcarrier. The
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Fig. 2: Block subcarrier assignment scheme with 𝛿 = 2.
of the multipath channel between the 𝑘-th base station and the
reference mobile user is given by
u

ℎ𝑘 (𝑡) =

𝐿−1
∑

ℎ𝑘,𝑖 𝛿(𝑡 −

𝑖=0

Fig. 1: The geometry of the downlink of OFDM/FBMC based
networks with a cluster size of 7.

computation of the average error rate is based on the moment
generating function of the interference power.
The outline of this paper is organized as follows. Section
II is devoted to describing the system model of the downlink
of OFDM and FBMC based multi-cellular networks. A brief
review of interference table modeling is given in Section III.
We further derive explicit expressions of the average error
rates of asynchronous OFDM/FBMC systems in Section IV.
Simulation results are presented and discussed in Section V.
Section VI provides a summary and a discussion of some
extensions of the paper.
II. T HE S YSTEM M ODEL
We consider the downlink transmission in OFDM/FBMC
based multi-cellular networks depicted in Fig. 1. The reference
mobile user is located at (𝑢, 𝑣). The reference base station is
assumed to be situated at the origin (𝑢0 , 𝑣0 ) = (0, 0). In this
analysis, we consider two tiers of the neighboring cells that
are surrounding the reference mobile user. Let the 𝑘-th base
station be located at (𝑢𝑘 , 𝑣𝑘 ), then, the distance between the
reference mobile user and the 𝑘-th base station is given by
√
(1)
𝑑𝑘 = (𝑢𝑘 − 𝑢)2 + (𝑣𝑘 − 𝑣)2
The cell radius is denoted by R in Fig. 1.
Concerning the frequency reuse scheme, the subcarriers are
allocated according to the most common subcarrier assignment
scheme, namely, the block subcarrier assignment scheme [2]
which is described in Fig. 2. We assume in this scheme that 𝛿
adjacent subcarriers to each block are free and serve as guard
bands between the different blocks.
All signals propagate through different multipath channels
using a similar propagation model, where the impulse response

𝑛𝑘,𝑖
𝑇)
𝑁

(2)

where 𝑛𝑘,0 < 𝑛𝑘,1 < ... < 𝑛𝑘,(𝐿−1) < 𝐶 and 𝐶 is the
maximum delay spread of the channel normalized by the
sampling period (𝑇 /𝑁 ), and ℎ𝑘,𝑖 are the complex channel
path gains, which are assumed mutually independent, where
𝔼[ℎ𝑘,𝑖 ℎ∗𝑘,𝑖 ] = 𝛾𝑘,𝑖 , and 𝔼[ℎ𝑘,𝑖 ℎ∗𝑘,𝑗 ] = 0 when 𝑖 ∕= 𝑗. We
further assume that the power is normalized for each channel
𝐿−1
∑
𝛾𝑘,𝑖 = 1, ∀𝑘. 𝑇 and 𝑁 denote respectively the
such that
𝑖=0

OFDM symbol duration and the total number of subcarriers
in the system.
We also assume that the propagation channels are stationary
over one OFDM symbol. This is the case for time-invariant or
slowly varying channels. Furthermore, the underlying channel
model includes path-loss effects which take into account the
positions of the base stations with respect to the reference
mobile user.
The reference mobile user is assumed to be perfectly
synchronized with its base station but it is not necessarily
synchronized with the other base stations. We can express the
composite signal at the reference receiver by the sum of the
desired signal coming from the reference base station and the
interference signal coming from the surrounding base stations,
−𝛽/2

𝑟(𝑡) = 𝑑0


𝑠0 (𝑡) ∗ ℎ0 (𝑡)



desired signal

+

𝐾
∑
𝑘=1



−𝛽/2

𝑑𝑘

𝑠𝑘 (𝑡 − 𝜏𝑘 ) ∗ ℎ𝑘 (𝑡) +𝑛(𝑡) (3)


interference signal



where
∙
∙
∙
∙
∙

𝐾 is the total number of neighboring cells
𝑠𝑘 (𝑡) is the transmitted signal from the 𝑘-th base station
𝜏𝑘 denotes the timing offset between the reference mobile
user and the 𝑘-th base station
𝑛(𝑡) is the additive white Gaussian noise (AWGN)
𝛽 is the path loss exponent

Because of the timing misalignment between the neighboring
cells and the reference one, the signals arriving from the
cells in the vicinity will appear non-orthogonal to the desired
signal. This non-orthogonality will generate interference and
will degrade the SINR. This degradation will be investigated
in the next section.
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reference user on the 𝑚′ -th subcarrier

III. I NTERFERENCE AND SINR A NALYSIS
In this section we present an accurate interference analysis
that considers the multipath effects on the different signals and
also the timing offsets between the interfering base stations
and the reference one. Direct analytical methods lead to
complex integral expressions that require huge computational
efforts [2]. In order to reduce the complexity of the asynchronous interference analysis, we have proposed a simpler
alternative which is based on the interference power tables
[4], [5].
A. Interference Tables
The interference tables model the correlation between subcarriers caused by the timing misalignment between the different transmitters (base stations in our analysis). In order
to compute these tables, we refer to a reference receiver
which suffers from the interference caused by an asynchronous
transmitter with a timing offset 𝜏 .
1) OFDM case: Following [4], the asynchronous OFDM
interference signal received on the 𝑚-th subcarrier, considering the transmission of a single complex symbol 𝑥𝑚′ ,0 on the
𝑚′ -th subcarrier is given by
′

2𝜋

𝑦𝑚 (𝜏 ) = 𝑥𝑚′ ,0 𝑒−𝑗 𝑇 𝑚 𝜏
⎧
⎨𝛿(𝑙)
×
𝑠𝑖𝑛(𝜋𝑙(𝑇 +Δ−𝜏 )/𝑇 )
⎩𝑒𝑗 𝜋𝑙
𝑇 (𝑇 +𝜏 +Δ)
𝜋𝑙

𝜏 ∈ [0, Δ]
𝜏 ∈ [Δ, 𝑇 + Δ]
(4)

where
∙
∙
∙
∙

𝜏 is the timing offset
𝑙 = 𝑚′ − 𝑚 and 𝛿(𝑙) is the Kronecker delta function
𝑇 is the OFDM symbol duration
Δ is the cyclic prefix duration

In the general case, the resulting interference power is the
sum of interference powers coming respectively from two
successive data symbols (𝑥𝑚′ ,𝑛′ −1 , 𝑥𝑚′ ,𝑛′ ), we get then
𝐼(𝜏, 𝑙) =
⎧

⎨𝛿(𝑙)

⎩

sin(𝜋𝑙(𝑇 +Δ−𝜏 )/𝑇 )
𝜋𝑙

𝜏 ∈ [0, Δ]
2

+

sin(𝜋𝑙(𝜏 −Δ)/𝑇 )
𝜋𝑙

2

𝜏 ∈ [Δ, 𝑇 + Δ]
(5)

It should be noticed that the data communication symbols
𝑥𝑚′ ,𝑛 are zero mean uncorrelated variables with normalized
power.
2) FBMC case: In the filter bank based system (FBMC),
transmit pulses that are more localized in time-frequency
domain are used [8], [18]. The orthogonality between subcarriers is maintained by introducing a half symbol period
delay between the in-phase and the quadrature components
of each complex symbol [18], [21]. This technique is called
offset QAM (OQAM) technique.
Now, let us consider the asynchronous transmission of a
sequence of real symbols {𝑎𝑚′ ,𝑛′ } from the interferer to the

𝑠𝑚′ (𝑡, 𝜏 ) =
+∞
∑
′
2𝜋
𝑎𝑚′ ,𝑛′ 𝑓 (𝑡 − 𝑛′ 𝑇 /2 − 𝜏 )𝑒𝑗 𝑇 𝑚 (𝑡−𝜏 ) 𝑒𝑗𝜑𝑚′ ,𝑛′ (6)
𝑛′ =−∞

where 𝑓 (𝑡) is the real-valued pulse response of the prototype
filter and 𝜑𝑚′ ,𝑛′ = 𝜋2 (𝑛′ + 𝑚′ ) − 𝜋𝑛′ 𝑚′ . 𝑇 is the signaling
interval and 1/𝑇 is the subcarrier spacing.
The interference signal on the 𝑚-th subcarrier of the reference receiver output can be given by (7) (see next page).
In our analysis, we refer to the PHYDYAS NPR (nearly
perfect reconstruction) prototype filter using the frequency
sampling technique [8]. The impulse response of this filter
is defined as follows
𝑓 (𝑡) =
[
]
⎧
𝐷−1
⎨ √1 1 + 2 ∑ (−1)𝑘 𝐺 cos ( 2𝜋 𝑘𝑡)
𝑡 ∈ [0, 𝐷𝑇 ]
𝑘
𝐷𝑇
𝐴
𝑘=1
⎩
0
𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
where 𝐷 is the overlapping factor and 𝐴 is the normalization
factor.
)]2
(
∫𝐷𝑇 [
𝐷−1
∑
2𝜋
𝑘
𝑘𝑡
(−1) 𝐺𝑘 cos
𝑑𝑡
1+2
𝐴=
𝐷𝑇
𝑘=1
0
]
[
𝐷−1
∑
𝐺2𝑘
= 𝐷𝑇 1 + 2
𝑘=1

The parameters 𝐺𝑘 depend on the overlapping factor √𝐷,
e.g., for 𝐷 = 4, we have 𝐺1 = 0.971960, 𝐺2 = 22 ,
𝐺3 = 0.235147 and 𝐴 = 16𝑇 [8].
Therefore, we can rewrite (7) as follows [5]
case 1: (−𝐷𝑇 < (𝑛′ − 𝑛) 𝑇2 < 𝜏 )
2𝐷+𝑛−1
∑

𝑦𝑚,𝑛 (𝜏 ) =

𝑎𝑚′ ,𝑛′ 𝑒𝑗(𝜑𝑚′ ,𝑛′ −𝜑𝑚,𝑛 )

𝑛′ =⌊ 𝑇−𝜏
⌋+𝑛+1
/2
2𝜋

× 𝑒−𝑗 𝑇

𝑚′ 𝜏

Ψ(𝑡, 𝜏, 𝑙)

𝐷𝑇 +(𝑛−𝑛′ ) 𝑇2
𝑡=𝜏

(8)

where ⌊𝛼⌋ denotes the floor function (the largest integer less
than or equal to 𝛼).
case 2: (𝜏 < (𝑛′ − 𝑛) 𝑇2 < 𝐷𝑇 )
𝑛+⌈ 𝑇−𝜏
⌉−1
/2

𝑦𝑚,𝑛 (𝜏 ) =

∑

𝑎𝑚′ ,𝑛′ 𝑒𝑗(𝜑𝑚′ ,𝑛′ −𝜑𝑚,𝑛 )

𝑛′ =−2𝐷+𝑛+1
2𝜋

× 𝑒−𝑗 𝑇

𝑚′ 𝜏

𝐷𝑇 +𝜏

Ψ(𝑡, 𝜏, 𝑙)

𝑡=(𝑛−𝑛′ ) 𝑇2

(9)

where ⌈𝛼⌉ is the ceil function (the smallest integer greater
than or equal to 𝛼).
After the OQAM decision, the corresponding interference
power can thus be given by the following expressions
case 1: (−𝐷𝑇 < (𝑛 − 𝑛′ ) 𝑇2 < 𝜏 )
see (10) in the next page.
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+∞
∫
∗
𝛾𝑚,𝑛
(𝑡)𝑠𝑚′ (𝑡, 𝜏 )𝑑𝑡
−∞

=

+∞
∑

2𝜋

𝑎𝑚′ ,𝑛′ 𝑒𝑗(𝜑𝑚′ ,𝑛′ −𝜑𝑚,𝑛 ) 𝑒−𝑗 𝑇

𝑚′ 𝜏

𝑛′ =−∞

+∞
∫
′
2𝜋
𝑓 (𝑡 − 𝑛′ 𝑇 /2 − 𝜏 )𝑓 (𝑡 − 𝑛𝑇 /2)𝑒𝑗 𝑇 (𝑚 −𝑚)𝑡 𝑑𝑡
−∞

2𝐷+𝑛−1
∑

𝐼(𝜏, 𝑙) =

{
𝑎𝑚′ ,𝑛′ ℜ 𝑒

′
𝑗(𝜑𝑚′ ,𝑛′ −𝜑𝑚,𝑛 ) −𝑗 2𝜋
𝑇 𝑚 𝜏

𝑒

Ψ(𝑡, 𝜏, 𝑙)

𝑛′ =⌊ 𝑇−𝜏
⌋+𝑛+1
/2

{

𝑛+⌈ 𝑇−𝜏
⌉−1
/2

∑

𝐼(𝜏, 𝑙) =

𝑎𝑚′ ,𝑛′ ℜ 𝑒

′
𝑗(𝜑𝑚′ ,𝑛′ −𝜑𝑚,𝑛 ) −𝑗 2𝜋
𝑇 𝑚 𝜏

𝑒

Ψ(𝑡, 𝜏, 𝑙)

𝑛′ =−2𝐷+𝑛+1

CP−OFDM case, Δ = T/8

0

(7)

𝐷𝑇 +(𝑛−𝑛′ ) 𝑇2

}

2

(10)

𝑡=𝜏

𝐷𝑇 +𝜏

}

2

(11)
𝑡=(𝑛−𝑛′ ) 𝑇2

FBMC case, PHYDYAS protype filter
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Fig. 3: The interference level in CP-OFDM for 𝜏
{ 𝑇4 , 𝑇3 , 𝑇2 }.
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Subcarrier offset (l=k−k’)
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Fig. 4: The interference level in FBMC for 𝜏 = { 𝑇4 , 𝑇3 , 𝑇2 }.
B. Interference power in a frequency selective channel

case 2: (𝜏 < (𝑛 − 𝑛′ ) 𝑇2 < 𝐷𝑇 )
see (11) above.
Fig. 3 and 4 show the interference power caused by different
timing offsets 𝜏 = { 𝑇4 , 𝑇3 , 𝑇2 }. In CP-OFDM, we have
considered a CP duration of 𝑇 /8. It is worth noting that we
can model this interference power as a set of instantaneous
interference tables for each timing offset 𝜏 .
Looking at Fig. 4, we observe that only immediate adjacent
subcarriers are causing interference. Such a result can be
explained by the better frequency localization of the PHYDYAS prototype filter. On the other hand, Fig. 3 shows that
a large number of adjacent subcarriers will cause interference
(more than 8 adjacent subcarriers give an interference power
greater than 10−3 for OFDM instead of a single one for
FBMC waveform [5]). In Fig. 4, we have assumed that the
overlapping factor of the prototype filter is 𝐷 = 4.

It has been demonstrated in [5], that the asynchronous
interference power arriving through a frequency selective
channel can be calculated using the following expression
2

𝑃interf (𝑚, 𝜏 ) = 𝑑−𝛽 𝑃𝑡𝑟𝑎𝑛𝑠 (𝑚′ )𝐼(𝜏, ∣𝑚′ − 𝑚∣) ∣𝐻(𝑚′ )∣
(12)
where
∙
∙
∙

∙

𝑑 is the distance between the interferer and the victim
user
𝑃𝑡𝑟𝑎𝑛𝑠 (𝑚′ ) is the transmitted power on the 𝑚′ -th interfering subchannel
𝐼(𝜏, ∣𝑚′ − 𝑚∣) is the interference table coefficient corresponding to a timing offset 𝜏 and 𝑚 denotes the index
of the victim subchannel
2
∣𝐻(𝑚′ )∣ is the power channel gain between the interfering transmitter and the reference receiver on the 𝑚′ -th
subchannel
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In the multi-cell case described in Section II, the interference
is caused by the 𝐾 base stations surrounding the reference cell.
We can easily express the total interference power occurring
at the output filter of the reference mobile user by

where
[
𝐴𝑘,𝑚,𝑚′ =

𝑑𝑘
𝑑0

]−𝛽

𝑃interf (𝑚, {𝜏𝑘 , 𝑘 = 1, ..., 𝐾}) =
𝐾
∑
∑
𝑘=1 𝑚′ ∈𝐹𝑘

′
′
𝑑−𝛽
𝑘 𝑃𝑡𝑟𝑎𝑛𝑠 (𝑚 )𝐼(𝜏𝑘 , ∣𝑚

′

− 𝑚∣) ∣𝐻𝑘 (𝑚 )∣

2

(13)

𝐹𝑘 denotes the set of subcarriers that are assigned to the 𝑘-th
2
base station. We recall that 𝜏𝑘 and ∣𝐻𝑘 (𝑚′ )∣ are respectively
the timing offset and the power channel gain between the
reference mobile user and the 𝑘-th base station.
As aforementioned, the reference mobile user is assumed to
be perfectly synchronized with its base station. Consequently,
the power of the desired signal can be written as
𝑃desired (𝑚) = 𝑑−𝛽
0 𝑃𝑡𝑟𝑎𝑛𝑠 (𝑚) ∣𝐻0 (𝑚)∣

2

𝑏=

(14)

In the OFDM case, it is obvious that the expression (14)
is valid on the assumption that the cyclic prefix duration Δ
is higher than the maximum delay spread of the channel.
However in the FBMC case, the subcarrier channel gains
cannot be assumed flat unless the number of subcarriers is very
high. There are several approaches to deal with the frequency
selective fading [18], [20], [19]. One interesting approach
which is appropriate to our FBMC configuration, performs
per-subcarrier equalization using finite impulse response (FIR)
filters [19]. It is worth noticing that the use of multi-tap
equalizers will be at the expense of a higher complexity.
The purpose of this paper is to focus on the sensibility of
OFDM and FBMC to the timing synchronization errors. For
this reason, we assume that subcarriers experience flat fading
channels.
According to (13) and (14), the SINR is given by (15),
shown at the top of the next page, where 𝑁0 denotes the
noise power spectral density and 𝐵𝑠𝑐 is the bandwidth of the
𝑚-th subchannel.

From (15), we can rewrite the SINR in the following form,
SINR(𝑚) =

∣𝐻0 (𝑚)∣2
𝐾
∑

∑

𝑘=1 𝑚′ ∈𝐹𝑘

𝐴𝑘,𝑚,𝑚′ ∣𝐻𝑘 (𝑚′ )∣2 + 𝑏

(18)

(19)

Therefore, by conditioning on the set of variables
{𝐻0 (𝑚), 𝐻𝑘 (𝑚′ ), ∀𝑘, 𝑚, 𝑚′ } and substituting (18) in
(17), we can obtain the exact closed form for the conditional
error probabilities in the presence of interference (21)
BER(SNR)∣𝐻0 (𝑚),𝐻𝑘 (𝑚′ ) =
⎛
⎜1
1
⎜
erfc ⎜ 𝐾
2
⎝2 ∑

⎞1/2

∣𝐻0 (𝑚)∣
∑

𝑘=1 𝑚′ ∈𝐹𝑘

𝐴

𝑘,𝑚,𝑚′

2

∣𝐻𝑘

2
(𝑚′ )∣

+𝑏

⎟
⎟
⎟
⎠

(21)

In order to reduce the complexity of computing the average
bit error rate which requires 𝐾 × 𝑁 integrations into only one
integration, we refer to the following lemma [17], which is
based on the moment generating function of the interference
power.
Lemma: Let 𝑥 be a unit-mean gamma random variable
(RV) with parameter 𝛼, and let 𝑦 be an arbitrary non-negative
random variable that is independent of 𝑥. Then
[
)
(
(
)1/2 ]
𝑥
2 Γ 𝛼 + 12
𝐸𝑥,𝑦 erfc
=1−
𝑦+𝑏
𝜋 Γ(𝛼)
+∞
∫

where 𝜆𝑖 s are
constants that depend on the constellation size
∑√𝑀−2
𝜆𝑖 = 1/2. In the following derivation we
𝑀 and
𝑖=0
analyze the QPSK constellation case, the extension to another
MQAM constellation is straightforward.
(√
)
1
1
SNR
(17)
BER(SNR) = erfc
2
2

𝑁0 𝐵𝑠𝑐
−𝛽
𝑑0 𝑃𝑡𝑟𝑎𝑛𝑠 (𝑚)

It should be noticed that we consider the transmitted power
𝑃𝑡𝑟𝑎𝑛𝑠 (𝑚), of each base station, as a constant. The coefficient
𝐴𝑘,𝑚,𝑚′ can thus be written as follows,
[ ]−𝛽
𝑑𝑘
𝐴𝑘,𝑚,𝑚′ =
𝐼(𝜏𝑘 , ∣𝑚′ − 𝑚∣)
(20)
𝑑0

IV. AVERAGE E RROR R ATES A NALYSIS
The calculation of the bit error rate of any constellation is
readily available in the literature when the decision variables
are Gaussian random variables. [22] gives the BER of a square
MQAM in AWGN channel as
√
)
(
√
𝑀−2
∑
1
SNR
(16)
BER(SNR) =
𝜆𝑖 erfc (2𝑖 + 1)
2
𝑖=0

𝑃𝑡𝑟𝑎𝑛𝑠 (𝑚′ )
𝐼(𝜏𝑘 , ∣𝑚′ − 𝑚∣)
𝑃𝑡𝑟𝑎𝑛𝑠 (𝑚)

×
0

)
(
𝑒−𝑧
3
√ 1 𝐹1 1 − 𝛼; ; 𝑧 ℳ𝑦 (𝛼𝑧)𝑒−𝑧𝛼𝑏 𝑑𝑧 (22)
𝑧
2

where 1 𝐹1 (; ; ) is the confluent hypergeometric function of
the first kind [23] and ℳ𝑦 (𝑧) = 𝐸𝑦 [𝑒−𝑧𝑦 ] is the moment
generating function (MGF) of 𝑦.
2
As ∣𝐻0 (𝑚)∣ is a Rayleigh random variable, 𝑥 = ∣𝐻0 (𝑚)∣
is an exponential RV with a probability density function (pdf)
𝑓 (𝑥) = 𝑒−𝑥 . In other words, 𝑥 is a unit-mean gamma RV with
𝛼 = 1. Since 1 𝐹1 (0; 3/2; 𝑧) = 1, the expression (22) becomes
[
𝐸𝑥,𝑦 erfc

(

𝑥
𝑦+𝑏

)1/2 ]

1
=1− √
𝜋

+∞
∫

0

𝑒−𝑧(1+𝑏)
√
ℳ𝑦 (𝑧)𝑑𝑧
𝑧
(23)

A. The single interfering subcarrier case
Let us analyze the simplified case where the interference is
caused only by one adjacent base station 𝑘 using a single
2
interfering subcarrier 𝑚′ . We denote ∣𝐻𝑘 (𝑚′ )∣ by 𝑔𝑘,𝑚′ ,
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SINR(𝑚) =

𝐾
∑

∑

𝑘=1 𝑚′ ∈𝐹𝑘

𝑑−𝛽
0 𝑃𝑡𝑟𝑎𝑛𝑠 (𝑚) ∣𝐻0 (𝑚)∣
′
′
𝑑−𝛽
𝑘 𝑃𝑡𝑟𝑎𝑛𝑠 (𝑚 )𝐼(𝜏𝑘 , ∣𝑚

where 𝑔𝑘,𝑚′ has the same probability density function as 𝑥.
Using (21) and (23), the average error rate is given by
[
(
)1/2 ]
1
𝑥
1
BERaverage = 𝐸𝑥,𝑔𝑘,𝑚′ erfc
2
2 𝐴𝑘,𝑚,𝑚′ 𝑔𝑘,𝑚′ + 𝑏
1
1
= − √
2 2 𝜋

+∞
∫

0

𝑒−𝑧(1+2𝑏)
√
ℳ2𝐴𝑘,𝑚,𝑚′ 𝑔𝑘,𝑚′ (𝑧)𝑑𝑧
𝑧
(24)

The MGF of 2𝐴𝑘,𝑚,𝑚′ 𝑔𝑘,𝑚′ can be calculated as follows
[
]
ℳ2𝐴𝑘,𝑚,𝑚′ 𝑔𝑘,𝑚′ (𝑧) = 𝐸𝑔𝑘,𝑚′ 𝑒−2𝐴𝑘,𝑚,𝑚′ 𝑧𝑔𝑘,𝑚′
+∞
∫
=
𝑒−2𝐴𝑘,𝑚,𝑚′ 𝑧𝑡 𝑒−𝑡 𝑑𝑡
0

=

1

2𝐴𝑘,𝑚,𝑚′ 𝑧 + 1

(25)

BERaverage

+∞
∫

0

𝑒−𝑧(1+2𝑏)
√
𝑑𝑧
𝑧(2𝐴𝑘,𝑚,𝑚′ 𝑧 + 1)

(26)

In the literature [2], [6], the average error rate is computed
using the mean interference power which is obtained by averaging this interference on the realizations of the interference
channel gains {𝐻𝑘 (𝑚′ ), 𝑚′ ∈ 𝐹𝑘 , 𝑘 = 1, ..., 𝐾}. In this paper,
the calculation of the average error rate has been performed
by averaging the conditional BER on the all RVs including
the interference channel gains.
In what follows, we study the asymptotic behavior of the
average BER in (26). We mainly distinguish the interference
parameter and the noise one presented respectively by 𝐴𝑘,𝑚,𝑚′
and 𝑏.
When 𝐴𝑘,𝑚,𝑚′ → 0, we have an interference-less scenario
lim

𝐴𝑘,𝑚,𝑚′ →0

BERaverage

1
1
= − √
2 2 𝜋

+∞
∫

0

𝑒−𝑧(1+2𝑏)
√
𝑑𝑧
𝑧

(15)
2
(𝑚′ )∣

+ 𝑁0 𝐵𝑠𝑐

[24].
In the noiseless scenario 𝑏 = 0, the average BER is given by
lim BERaverage

𝑏→0

1
1
= − √
2 2 𝜋

+∞
∫

0

𝑒−𝑧
√
𝑑𝑧
𝑧(2𝐴𝑘,𝑚,𝑚′ 𝑧 + 1)
(29)

As the interference weight 𝐴𝑘,𝑚,𝑚′ is constant, the average
BER is constant for high values of SNR (𝑏 = 1/SNR is
negligible). Therefore, an error floor will appear because of
the limitation of the system performance by the interference
term.
B. The multi-cell case
The extension of this result to the multi-cell case is straightforward. In this case, the random variable related to the total
interference power is defined by
𝑔𝑒𝑞 = 2

𝐾
∑
∑

𝐴𝑘,𝑚,𝑚′ 𝑔𝑘,𝑚′

2

where 𝑔𝑘,𝑚′ = ∣𝐻𝑘 (𝑚′ )∣ .
As ∑
the signals coming from the different interfering cells
{
𝐴𝑘,𝑚,𝑚′ 𝑔𝑘,𝑚′ , ∀𝑘} are independent, the moment gen𝑚′ ∈𝐹𝑘

erating function of 𝑔𝑒𝑞 is given by
⎡
ℳ𝑔𝑒𝑞 (𝑧) = 𝐸{𝑔𝑘,𝑚′ ,∀𝑘,𝑚′ } ⎣𝑒
=

𝐾
∏

−2𝑧

[
𝐸{𝑔𝑘,𝑚′ ,∀𝑚′ } 𝑒

𝐾
∑

This expression should be viewed as representing the best
achievable performance in the presence of Rayleigh fading

∑

𝑘=1 𝑚′ ∈𝐹

−2𝑧

∑
𝑚′ ∈𝐹𝑘

𝐴𝑘,𝑚,𝑚′ 𝑔𝑘,𝑚′
𝑘

𝐴𝑘,𝑚,𝑚′ 𝑔𝑘,𝑚′

𝑘=1

⎤
⎦

]

(31)

Consequently, the MGF of 𝑔𝑒𝑞 is the product of the MGFs
ℳ𝑘 (𝑧) where
[
]
∑
−2𝑧

𝑚′ ∈𝐹𝑘

𝐴𝑘,𝑚,𝑚′ 𝑔𝑘,𝑚′

(32)

2

However, the RVs {𝑔𝑘,𝑚′ = ∣𝐻𝑘 (𝑚′ )∣ , 𝑚′ ∈ 𝐹𝑘 } are
correlated because they belong to the same cluster used by the
𝑘-th base station. To deal with this problem, let Ω𝑘 defined
by
[ ]
Ω𝑘 = 𝜌𝑖,𝑗 (𝑖,𝑗)∈𝐹 ×𝐹
𝑘

(28)

(30)

𝑘=1 𝑚′ ∈𝐹𝑘

ℳ𝑘 (𝑧) = 𝐸{𝑔𝑘,𝑚′ ,𝑚′ ∈𝐹𝑘 } 𝑒

+∞
√
1
1
= − √
erf (1 + 2𝑏)𝑧
2 2 1 + 2𝑏
𝑧=0
]
[
1
1
=
(27)
1− √
2
1 + 2𝑏

Substituting 𝑏 by 1/SNR, we obtain
[
]
√
SNR
1
1−
BERaverage =
lim
𝐴𝑘,𝑚,𝑚′ →0
2
SNR + 2

2

− 𝑚∣) ∣𝐻𝑘

Substituting (25) in (24), we obtain the final expression of the
average BER for a single interfering subcarrier 𝑚′ of a given
base station 𝑘, which is
1
1
= − √
2 2 𝜋
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𝑘

where 𝜌𝑖,𝑗 = 𝜌𝑗,𝑖 , be the square root of the variancecovariance matrix of the RVs {𝑔𝑘,𝑚′ , 𝑚′ ∈ 𝐹𝑘 }.
Following [25], the MGF ℳ𝑘 (𝑧) is obtained by
ℳ𝑘 (𝑧) = 𝐼𝐿𝑘 + 2 Ω𝑘 𝐷𝑘𝐴 𝑧

−1

(33)
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where 𝐼𝐿𝑘 is the 𝐿𝑘 × 𝐿𝑘 identity matrix and 𝐿𝑘 denotes the
cardinal of 𝐹𝑘 . 𝐷𝑘𝐴 is a diagonal matrix of diagonal elements,
𝐷𝑘𝐴 (𝑖, 𝑖) = 𝐴𝑘,𝑚,𝑖

𝑖 ∈ 𝐹𝑘

TABLE I: Channel parameters used in simulations
Parameter
Pedestrian-A Relative Delay
Pedestrian-A Average Power

(34)

Substituting (33) in the expression (31), we obtain the MGF
related to the total interference RV 𝑔𝑒𝑞 defined in (30),
𝐾
∏

ℳ𝑦𝑒𝑞 (𝑧) =

ℳ𝑘 (𝑧) =

𝑘=1

𝐾
∏

−1

𝐼𝐿𝑘 +

−1
2 Ω𝑘 𝐷𝑘𝐴 𝑧

10

(35)

𝑘=1

Therefore, using the expressions (23) and (35), the final
expression of the average BER for 𝐾 interfering base stations
is shown in (36).

−1

10

FBMC

𝑑𝑧 (36)

𝑘=1

0

We have derived the exact expression of the average error rate
in the case of block subcarrier assignment considering the frequency fading correlation between the interfering subchannels
belonging to a block subcarrier of a given interfering cell.
C. The partially-loaded network
In the previous subsection, we have derived a closed-form
expression of the average error rates for a fully-loaded multicell network. However, it is possible that a given base station
may have a silent period. Consequently, the network becomes
partially loaded. Let us consider a Bernoulli RV 𝑄𝑘 ∈ (0, 1)
that models the partial load for each cell (𝑄𝑘 = 1 when
the base station k is active, and 𝑄𝑘 = 0 when it becomes
inactive). We assume that 𝑄𝑘 , 𝑘 = 1, ..., 𝐾 are independent
with 𝑝(𝑄𝑘 = 1) = 𝛼𝑘 , ∀𝑘.
Our aim in this subsection is to derive a new closed-form
expression of the average error rate in the partially-loaded
case. The total interference RV 𝑦𝑒𝑞 can be written as follows
𝑔𝑒𝑞 = 2

𝐾
∑

𝑄𝑘 𝐴𝑘,𝑚,𝑚′ 𝑔𝑘,𝑚′

(37)

𝑘=1

According to (33) and (37), the MGF ℳ𝑔𝑒𝑞 (𝑧) is expressed
as follows

=

OFDM
−2

BER

BERaverage =
+∞
∫
𝐾
1
𝑒−𝑧(1+2𝑏) ∏
1
√
𝐼𝐿𝑘 + 2 Ω𝑘 𝐷𝑘𝐴 𝑧
− √
2 2 𝜋
𝑧

ℳ𝑔𝑒𝑞 (𝑧) =

value
[0 110 190 410] ns
[0 -9.7 -19.2 -22.8] dB

𝐾
∏

(1 − 𝛼𝑘 + 𝛼𝑘 ℳ𝑘 (𝑧))

𝑘=1
𝐾 (
∏

1 − 𝛼𝑘 + 𝛼𝑘 𝐼𝐿𝑘 + 2 Ω𝑘 𝐷𝑘𝐴 𝑧

−1

)

(38)

𝑘=1

Therefore, using the expressions (23) and (38), the average
error rate for a partially-loaded network of 𝐾 interfering cells
is shown in (39) (see the next page).
V. S IMULATION R ESULTS
In the previous section, we have derived closed-form expressions of the average error rates in the downlink of an
asynchronous 𝐾-cell network. In contrast to direct complex
analytical methods, these expressions present an efficient
approach to compute the average BER with a significantly
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Fig. 5: The OFDM/FBMC average BER against the SNR for
𝜏 ∈[0,T], the guard-band size 𝛿 =0.
reduced computational complexity. In this section, we present
numerical results for the downlink of OFDM and FBMC
systems with the block subcarrier scheme as described in
Section II. We consider 11 interfering base stations which
correspond to two tiers of the neighboring cells surrounding
the reference mobile user which is located at the vertex of the
cell as shown in Fig. 1. The cell radius in our simulation is
R= 1km.
We have considered the Pedestrian-A model as a Rayleigh
fading propagation channel where the parameters are given
in Table I [27]. The choice of this model is based on the
assumption that the subcarriers of interest experience flat
fading channels. Therefore, we can focus on the impact of
the asynchronous inter-cell interference because the intracell interference in the FBMC case is negligible. The path
loss of a received signal at a distance 𝑑 is governed by
the following expression [26] corresponding to a path loss
exponent 𝛽 = 3.76 and a carrier frequency of 2 GHz
Γ𝑙𝑜𝑠𝑠 (𝑑) = 128.1 + 37.6 log10 (𝑑)[𝑑𝐵]
On the other hand, we consider a system with 𝑁 = 1024
subcarriers. The data are QPSK modulated and the sampling
frequency is 10 MHz. The noise term is characterized by
a thermal noise density of -174 dBm/Hz. The prefix cyclic
duration is fixed at Δ = 𝑇 /8, and the size of the subcarrier
block is set at 18 subcarriers. For the FBMC system, we recall
that we use the PHYDYAS prototype filter with an overlapping
factor of 4 [8]. It is worth mentioning that the following results
are compared to the perfect synchronized scenario in which the
orthogonality between the different subchannels is maintained.
In Fig. 5, we investigate the accuracy of the BER expres-
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BERaverage =

1
1
− √
2 2 𝜋

+∞
∫

𝐾
𝑒−𝑧(1+2𝑏) ∏ (
√
1 − 𝛼𝑘 + 𝛼𝑘 𝐼𝐿𝑘 + 2 Ω𝑘 𝐷𝑘𝐴 𝑧
𝑧

−1

)
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Fig. 6: The average BER for different timing offset intervals
(a). PS (b). 𝜏 ∈[0,T/7] (c). 𝜏 ∈[0,T/4] (d). 𝜏 ∈[0,T], the guardband size 𝛿 =0.

Fig. 7: The average BER for different guard-band sizes 𝛿 =
0,1,20, the timing offset interval 𝜏 ∈[0,T].

sions corresponding to the full load case. The average BERs
of OFDM and FBMC modulations are plotted against the
SNR, in absence of a guard band between the clusters of the
different cells (𝛿 = 0). Both theoretical and simulation results
are displayed in Fig. 5. The theoretical results are evaluated
using (36). The exact theoretical results depicted in Fig. 5
show an excellent match to the corresponding simulation
results. In this case, we assume that the timing offset 𝜏 is
a uniform RV in the interval [0,T]. Fig. 5 also shows that
the timing synchronization errors cause a severe degradation
in the average error rate. Moreover, this degradation becomes
large when increasing the SNR level. We can also see an error
floor at high SNR values. This observation can be explained
by the fact that the noise level is negligible compared to the
asynchronous interference caused by the other BSs. Such a
case is expected in the noise-less scenario according (29).
On the other hand, we observe a better performance of the
asynchronous FBMC when compared to the asynchronous
OFDM. Such a gain can be explained by the fact that only the
two subcarriers on the edge suffer from the interference caused
by their adjacent subcarriers in the FBMC case (see Fig. 4).
However, in the OFDM case, the entire cluster suffers from
the interference caused by all neighboring clusters (see Fig.
3). In the perfect synchronized case, both modulation schemes
lead to identical results which means that the actual bit rate
is higher for FBMC because it does not use CP.
In Fig. 6, we plot the average BER versus the SNR with
different timing offset scenarios: the perfect synchronized case
in scenario (a), [0,T/7] in scenario (b), [0,T/4] in scenario (c)
and [0,T] in scenario (d).
In the OFDM system, the degradation is severe and in-

creases when the timing error interval is larger. We can explain
this result as follows: when the timing offset is lower than the
cyclic prefix duration 𝜏 ∈[0,Δ], the orthogonality between
the different clusters is maintained; otherwise the reference
user will suffer from an asynchronous interference. Since the
timing offset is a uniform random variable, the probability
obtaining the performance of the perfect synchronized case is
given by the CP duration over the whole timing offset interval
(Δ/𝜏𝑚𝑎𝑥 ). The probability of the orthogonality decreases
as 𝜏𝑚𝑎𝑥 increases. Therefore, the average error probability
becomes higher. On the other hand, the FBMC system is
not sensitive to the timing offset interval length because the
interference at the two subcarriers of the edge is roughly
invariable with respect to the timing offset value (see Fig.
4).
The impact of the guard-band length 𝛿 on the system
performance has also been investigated. Fig. 7 shows the
OFDM and FBMC average BER against the SNR for different
guard band values 𝛿 =0, 1 and 20 subcarriers; we assume
also that the timing offset 𝜏 is a uniform RV defined on
[0,T]. Comparing the different curves, one can see that the
performance improves when increasing 𝛿. However, there is
still a gap with respect to the perfect synchronized case even
for a guard-band of 20 subcarriers. In contrast to the OFDM
case, the FBMC waveform presents an excellent performance
and provides the performance of the perfect synchronized case
for a guard-band of a single subcarrier 𝛿 =1. This result can
also be explained by referring to Fig. 4 which shows that in
FBMC, the interference power does not exceed −60 dB of the
useful power when the interfering subcarrier is situated at two
subcarriers from the victim one. It should be noticed that Fig.
6 and 7 show also an excellent match between the simulation
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Fig. 8: The average BER against the load factor 𝛼 for SNR =
20 and 25 dB, the timing offset interval 𝜏 ∈[0,T].
and theoretical results obtained by the closed-form expression
of the average BER given in (36).
In what follows, we analyze the system performance in
a partially loaded scenario. Fig. 8 depicts the average error
rates with respect to the load factor 𝛼 for SNR = 20 and
25 dB, respectively. The timing offset 𝜏 is assumed uniformly
distributed on [0,T]. From the results, we find that the average
BER increases when increasing the load factor 𝛼. We observe
also that the FBMC system still outperforms the OFDM
system. Furthermore, simulation and theoretical results shown
in Fig. 8 validate the accuracy of the average BER expression
given in (39) for partially-loaded network.
VI. C ONCLUSION
In this paper, we have investigated the impact of timing
synchronization errors on the performance of the downlink of
OFDM and FBMC based multi-cellular networks. We first give
a brief review of the interference table model. Based on these
tables, we have proposed a simpler method for the interference
analysis. We then develop a theoretical derivation of the
average error expressions for three scenarios: one interfering
BS, several interfering BSs in a fully-loaded network and
also several interfering BSs in a partially loaded network.
Furthermore, the asymptotic behavior of the average error rate
has been analyzed in two scenarios : the interference-less scenario and the noise-less one. Based on the interference tables
and the frequency fading correlation between the interfering
subchannels, we have derived the exact expression of the
average error rate in the case of block subcarrier assignment.
The accuracy of the obtained expressions has been validated
through the different simulation results. A global evaluation
has been performed taking into account different parameters:
the timing error range, the guard band length and the load
factor of the network. Through this evaluation, we have shown
that in OFDM case, timing errors between BSs cause a severe
degradation in system performance. This result is explained
by the loss of orthogonality between all system subcarriers.
In contrast to the OFDM system, the FBMC waveform is
demonstrated to be less sensitive to timing errors between the
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member of SEE, he was associate editor of the Annals of Telecommunications in 2008 and Technical Program Chairman of the European Wireless
Conference in 2007

2639

Didier Le Ruyet received the Eng. Degree and
the Ph. D. Degree from Conservatoire National
des Arts et Métiers (CNAM) in 1994 and 2001
respectively. From 1988 to 1996 he was a research
engineer in the image processing and telecommunication Departments of SAGEM, France. He joined
Signal and Systems Laboratory, CNAM Paris as
a research assistant in 1996. From 2002 to 2009,
he was an assistant professor with the Electronic
and Communication Laboratory, CNAM Paris. Since
2010 he is full professor at CNAM in the CEDRIC
research laboratory. He has published about 60 papers in referred journals and
conferences. His main research interests lie in the areas of digital communications and signal processing including advanced channel coding, detection and
estimation algorithms and multi-antenna transmission techniques for multiuser systems.
Daniel Roviras was born in 1958. He got his
Engineer degree from SUPELEC in 1981. After
seven years spent in industry as a Research Engineer,
he joined the Electronics Laboratory of ENSEEIHT
and got his Ph.D. degree from INPT in 1989. He
joined the Engineering school ENSEEIHT in 1992
as an Assistant Professor and he is Full Professor
since 1999. Since 2008, he is professor in Conservatoire National des Arts et Métiers in Paris
where his teaching activities are related to Radiocommunication systems. His research activity has
been first centered around transmission systems based on infrared links. Since
1992, his topics have widened to more general communication systems as
mobile and satellite communications systems, equalization and predistortion
of non linear amplifiers using neural networks, multiple access methods
(CDMA, LPTV, Periodic Clock Changes, FBMC, ) and cooperative/cognitive
radio systems. He is currently member of CEDRIC laboratory in CNAM.
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