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Abstract—The growing demand for wireless communication
makes it important to determine the capacity limits of the
different multicarrier systems. In this paper, we address the
impact of imperfect inter-cell synchronization on the average
capacity of orthogonal frequency division multiplexing (OFDM)
and filter bank based multicarrier (FBMC) multi-cellular net-
works. Based on computing the moment generating functions of
the asynchronous interference power, a simple new expression for
the exact evaluation of the average capacity is derived considering
the frequency correlation fading between adjacent interfering
subcarriers.

Index Terms—Multi-carrier; Filter bank; asynchronous; mo-
ment generating function (MGF); correlated Rayleigh fading.

I. INTRODUCTION

Beyond traditional voice communication, wireless networks
are currently evolving to support high speed data applications
such as video streaming and internet browsing [1]. However,
wireless communication systems are subject to several im-
pairments such as fading, pathloss and interference. These
effects can seriously degrade the quality of service and lead
to transmission failures.

An orthogonal Frequency Division Multiplexing (OFDM)
system is a type of multicarrier modulation which consists of
splitting up a wide band signal at a high symbol rate into sev-
eral lower rate signals, each one occupying a narrower band.
System performance improves because subcarriers experience
flat fading channels and are orthogonal to one another thus
minimizing the threat of interference. However, the OFDM
performance tends to suffer from degradation because of possi-
ble episodes of imperfect time and frequency synchronization,
since a loss in orthogonality can occur between subcarriers at
the OFDM receiver [2, 3].

The degradation of the signal to interference plus noise
ratio is a common criterion to analyze the impact of timing
non-synchronization on the system performance [2, 4]. In [5],
an interference modeling, based on the so called Interference
Table [6], has been developed for two multicarrier techniques:
CP-OFDM with a rectangular pulse shape and for Filter Bank
based Multi-Carrier (FBMC) with a prototype filter designed
for a better frequency selectivity using the frequency sampling
technique [7].

Although interference analysis in OFDM single user has
become popular in literature e.g [8, 9], the extension of this
analysis to a multi-cellular environment is not so straightfor-
ward. This problem is significant for the following reasons.
First, in a multi-cellular environment the interference stems
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from subcarriers distributed among several transmitters which
require more than one random variable (RV) to model this
interference, therefore, the analysis becomes more difficult.
Second, in contrast to many researches based on the classical
Gaussian approximation [10, 11], we cannot always rely on
this approximation. Indeed, when each interferer is assigned
more then one subcarrier, the resulting interference is no
longer a sum of independent variables. For this reason, the
Gaussian approximation becomes inaccurate [3].

Based on the interference table model introduced in [5, 6],
we derive an explicit form of the average capacity of time-
asynchronous OFDM and FBMC systems in the case of the
block subcarrier assignment taking into account the correlation
between the subchannel gains belonging to a given block
subcarrier. The computation of the average capacity is based
on the moment generating function of the interference power.

The rest of the paper is organized as follows. Section II
is devoted to describing the system model of the downlink
of OFDM and FBMC based multi-cellular networks. A brief
review of interference table modeling is given in Section
III. We further derive an explicit expression of the average
capacity of asynchronous OFDM/FBMC systems in Section
IV. Simulation results are presented and discussed in Section
V. Section VI concludes the paper.

II. THE SYSTEM MODEL

We consider the downlink transmission in OFDM/FBMC
based multi-cellular networks depicted in Fig. 1 (a). The refer-
ence mobile user is located at (7, 7). The reference base station
(BS) is assumed to be situated at the origin (49, jo) =(0,0). In
this analysis, we consider two tiers of the neighboring cells
that are surrounding the reference mobile user. Let the k-th BS
be located at (ig, j), then, the distance between the reference
mobile user and the k-th BS is given by

di. = /(ir, — )2+ (jr. — )2 (D

The cell radius is denoted by R in Fig. 1.

Concerning the frequency reuse scheme, the subcarriers are
allocated according to the most common subcarrier assign-
ment scheme, namely, the block subcarrier assignment scheme
which is described in Fig. 1 (b). We assume in this scheme
that 0 adjacent subcarriers to each block are free and serve as
guard bands between the different blocks. It should be noticed
that the frequency reuse factor is 1/7.
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Fig. 1. (a). The downlink of OFDM/FBMC based networks (b). The
subcarrier assignment scheme

The reference mobile user is assumed to be perfectly
synchronized with its BS but it is not necessarily synchronized
with the other BSs. We can express the composite signal at
the reference receiver by the sum of the desired signal coming
from the reference BS and the interference signal coming from
the surrounding BSs,

r(t) =dg "2 so(t) * ho(t)

desired signal

K
+3 AP st — ) % hi(8) +n(t) ()
k=1

interference signal
where
o K is the total number of neighboring cells
o 5i(t) is the transmitted signal from the k-th BS
o 71 and hy(t) denote respectively the timing offset and the
impulse response of the channel between the reference
mobile user and the k-th BS
o n(t) is the additive white Gaussian noise (AWGN)
o [ is the path loss exponent
Because of imperfect timing synchronization between the
reference cell and the neighboring ones, the signals arriving
from the latter will interfere with the desired signal. This
interference will degrade the SINR, and this degradation will
be investigated in the next section.

ITI. INTERFERENCE AND SINR ANALYSIS

In this section we present an accurate interference analysis
that considers the multipath effects on the different signals
and also the timing offsets between the interfering BSs and
the reference one. In contrast to direct analytical methods
that require huge computational efforts. We present here
an attractive non-direct analytical method that significantly
reduces the complexity of the analysis.

A. Interference Tables

OFDM/FBMC interference tables are presented in Table I
as a function of the subcarrier space between the interfering
subcarrier and the target one (/). These tables model the corre-
lation between subcarriers caused by the timing misalignment
between the different transmitters (BSs in our analysis). It
is worth noticing that this interference has been computed
considering CP-OFDM system with a CP duration A = T/8,
where T' is the OFDM symbol duration and FBMC system
using the PHYDYAS prototype filter [7] with an overlapping
factor of 4. According to Table I, we see that the interference
in OFDM case is spread over a high number of subchannels;
on the other hand, for the FBMC, the interference is more
localized and it appears only on the subchannel of interest
and the two immediate adjacent ones.

TABLE I
OFDM/FBMC MEAN INTERFERENCE TABLE[6]

il  OFDM  FBMC

0 7.04E-01 8.24E-01
1 9.00E-02 8.78E-02
2 225E-02 1.09E-06
3 1LOOE-03  2.09E-08
4 5.63E-03 2.52E-09
5  3.60E-03 5.60E-10
6 250E-03 1.72E-10
7 184E-03  6.50E-11
8 141E-03 2.83E-11

B. Interference power in a selective frequency channel

It has been demonstrated in [5], that the asynchronous inter-
ference power arriving through a selective frequency channel
can be calculated using the following expression

Rntcri’(ma T) = d_ﬁPtrans(ml)I(Ta |m/ - m|) |H(ml)|2 (3)

where
e d is the distance between the interferer and the victim
user
e Pirans(m') is the transmitted power on the m/-th inter-
fering subchannel
o I(7,|m’ —m]) is the interference table coefficient corre-
sponding to a timing offset 7 and m denotes the index
of the victim subchannel
o |H(m')* is the power channel gain between the inter-
fering transmitter and the reference receiver on the m/-th
subchannel
In the multi-cell case described in Section II, the interference
is caused by the K BSs surrounding the reference cell. We
can easily express the total interference power occurring at
the output filter of the reference mobile user by

Pintcrf(m7 {Tkvk = 1a aK}) =
K

SN & Prans () I (m, Im — ml) [Ho(m)]* @)

k=1m'€F}
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where F}; denotes the set of subcarriers that are assigned to the
k-th BS. We recall that 75, and |Hy(m')|” are respectively the
timing offset and the power channel gain between the reference
mobile user and the k-th BS.

As aforementioned, the reference mobile user is assumed
to be perfectly synchronized with its BS. Consequently, the
power of the desired signal can be written as

Pdcsircd(m) - daﬁptrans (m) |HO (m)|2 (5)
According to (4) and (5), the SINR is given by
|Ho(m)[?

Z Z Akm,m |Hk(m/)|2+b
k=1m'€F)

SINR(m) = (6)

where Ny denotes the noise power spectral density and By,
is the bandwidth of the m-th subchannel. where

%] - Ptrans (m/)
dO Ptrans (m)

I(7g, [m" — m])

Ak,m,m’ = |:

NOBsc

b= —F—— )
do ﬁptrans (m)

It should be noticed that we consider the transmitted power
Pirans(m), of each BS, as a constant. The coefficient Ay,
can thus be written as follows,

dy,

—B
—} I(7, |m’ —ml]) (8)

Ak,m,m’ = dO

IV. CAPACITY ANALYSIS

In this section, we pay our attention to derive a closed-
form expression of the capacity considering the asynchronous
interference caused by the surrounding BSs. In the literature,
the capacity is given by Shannon’s well-known formula [12]
when the decision variables are Gaussian random variables,

C(SNR) = Blog, (1 + SNR) ©)

where B denotes the channel bandwidth.

Therefore, by conditioning on the set of variables
{Ho(m), H(m'),Vk, m,m’} and substituting (6) in (9), we
can obtain the exact closed form for the conditional capacity
in the presence of interference (10).

| Ho(m)|*

> Akmam |Hk(ml)|2 +b
1m’eFy

Blog,

(10)

=

k

In order to reduce the complexity of computing the average
capacity which requires K x N integrations into only one
integration, we refer to the following lemma [13], which is
based on the moment generating function of the interference
power.

Lemma[l3]: Let x be a unit-mean gamma random vari-
able (RV) with parameter «, and let g be an arbitrary non-
negative random variable that is independent of x. Then

wo(5%5) -

+oo

1 1 —zab
/ |:; - m} /\/lg(az)e dz (11)
0

where M, (z) = E4 [e~#9] is the moment generating function
(MGF) of g.

As |Ho(m)| is a Rayleigh random variable, z = |Ho(m)[?
is an exponential RV with a probability density function (pdf)
f(x) = e~*. In other words, x is a unit-mean gamma RV with
a = 1. Therefore, the expression (11) becomes

+o0
Epg [m <$>} = 0/ ﬁ/\/lg(z)e*zbdz

In our analysis, the random variable related to the total
interference power is defined by

K
g = Z Z Ak,m,m’gk,m’

k=1m'€F}

12)

13)

"2
where g = |[Hg(m')|".
As the signals coming from the different interfering cells

{ Y Akmmgkm,Vk} are independent, the moment gen-
m’'eFy,
erating function of g is given by

K
My(2) = [] Mi(2) (14)
k=1
where
-z ,Z Ak,m,m/gk,m/
Mi(z) = Eqq, . oomrery |6 ™ (15)
However, the RVs {gp, = |Hp(m))|*,m' € F.} are

correlated because they belong to the same cluster used by
the k-th BS. To deal with this problem, let €2;, defined by

Qp = [Pz‘,j] (1,5) € Fy X Fy,

where p; ; = p;.i, be the square root of the variance-covariance
matrix of the RVs {gx m/,m' € F}}.

Following [14], the MGF My (z) is obtained by
-1
Mu(2) = |Ip, + Q Dj2| (16)

where Iy, is the Ly x Lj identity matrix and Lj denotes the
cardinal of Fj. D’k4 is a diagonal matrix of diagonal elements,

D i,1) = Ak a17)

Substituting (16) in the expression (14), we obtain the MGF
related to the total interference RV ¢ defined in (13),

i € Fy,

K K
My(z) = [] Muz) = [] [Tz, + D2 8)
k=1

k=1
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Therefore, using the expressions (12) and (18), the final
expression of the average capacity for K interfering BSs is
shown in (19).

B
In(2)

C(alveralge =

oo 2 K

e —1
/ T | | |IL, + Q. Difz| " dz (19)
0 -

V. SIMULATION RESULTS

In the previous section, we have derived closed-form ex-
pressions of the average capacity in the downlink of an
asynchronous K-cell network. In contrast to direct complex
analytical methods, these expressions present an efficient ap-
proach to compute the average capacity with a significantly
reduced computational complexity. In this section, we present
numerical results for the downlink of OFDM and FBMC
systems with the block subcarrier scheme as described in
Section II. The reference mobile user is located at the top of
the cell as shown in Fig. 1. The cell radius in our simulation
is R= 1km.

We have considered the Pedestrian-A model as a Rayleigh
fading propagation channel [15]. The choice of this model
is based on the assumption that the subcarriers of interest
experience flat fading channels. Therefore, we can focus on
the impact of the asynchronous inter-cell interference because
the intra-cell interference in the FBMC case is negligible. The
path loss of a received signal at a distance d is governed by
the following expression [16] corresponding to a path loss
exponent 3 = 3.76 and a carrier frequency of 2 GHz

Tioss(d) = 128.1 4 37.61og, () [dB]

On the other hand, we consider a system with N = 1024
subcarriers using a total bandwidth of 10 MHz. The noise term
is characterized by a thermal noise density of -174 dBm/Hz.
The prefix cyclic duration is fixed at A = T'/8, and the size
of the subcarrier block is set at 18 subcarriers. For the FBMC
system, we recall that we use the PHYDYAS prototype filter
with an overlapping factor of 4 [7]. It is worth mentioning that
the following results are compared to the perfect synchronized
(PS) scenario in which the orthogonality between the different
subchannels is maintained.

In Fig. 2, we investigate the accuracy of the capacity
expression (19). The average capacity of OFDM and FBMC
modulations are plotted against the SNR, in absence of a
guard band between the clusters of the different cells (§ = 0).
Both theoretical and simulation results are displayed in Fig.
2. The theoretical results are evaluated using (19). The exact
theoretical results depicted in Fig. 2 show an excellent match
to the corresponding simulation results. In this case, we
assume that the timing offset 7 is a uniform RV in the interval
[0,T]. Fig. 2 also shows that the timing synchronization errors
cause a severe degradation in the average capacity. Moreover,
this degradation becomes large when increasing the SNR level.
We can also see a capacity floor at high SNR values for
asynchronous OFDM systems. This observation can be ex-
plained by the fact that the noise level is negligible compared
to the asynchronous interference caused by the other BSs.

theoretical

X simulation

PS case

[bit/s/Hz]

/B

average

SNR [dB]

Fig. 2. The OFDM/FBMC average capacity against the SNR for 7 €[0,T],
the guard-band size 6 =0

Such a case is expected in the interference-limited scenarios.
On the other hand, we observe a better performance of the
asynchronous FBMC when compared to the asynchronous
OFDM. Such a gain can be explained by the fact that only the
two subcarriers on the edge suffer from the interference caused
by their adjacent subcarriers in the FBMC case. However, in
the OFDM case, the entire cluster suffers from the interference
caused by all neighboring clusters. In the perfect synchronized
case, both modulation schemes lead to identical results which
means that the actual bit rate is higher for FBMC because it
does not use CP.

In Fig. 3, we plot the average capacity versus the SNR with

different timing offset scenarios: the perfect synchronized case
in scenario (a), [0,T/4] in scenario (b) and [0,T] in scenario
(c).
In the OFDM system, the degradation is severe and increases
when the timing error interval is larger. We can explain this
result as follows: when the timing offset is lower than the
cyclic prefix duration 7 €[0,A], the orthogonality between
the different clusters is maintained; otherwise the reference
user will suffer from an asynchronous interference. Since the
timing offset is a uniform random variable, the probability
obtaining the performance of the perfect synchronized case is
given by the CP duration over the whole timing offset interval
(A/Tmaz)- The probability of the orthogonality decreases
as Tmay increases. Therefore, the average capacity becomes
lower. On the other hand, the FBMC system is not sensitive to
the timing offset interval length. Such a result can be explained
by the fact that the interference at the two subcarriers of the
edge is roughly invariable with respect to the timing offset
value. It should be noticed that Fig. 3 also shows an excellent
match between the simulation and theoretical results obtained
by the closed-form expression of the average capacity given
in (19).
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VI. CONCLUSION

In this paper, we have investigated the impact of timing
synchronization errors on the performance of the downlink
of OFDM and FBMC based multi-cellular networks. We
first give a brief review of the interference table model. We
then develop a theoretical derivation of the average capacity
expression. In contrast to the direct analytical method that
requires huge computational efforts, the obtained closed-form
expression reduces significantly the computation complexity.
The accuracy of the obtained expression has been validated
through the different simulation results. A global evaluation
has been performed taking into account the timing error
range parameter. Through this evaluation, we have shown that
in OFDM case, timing errors between BSs cause a severe
degradation in system performance. This result is explained
by the loss of orthogonality between all system subcarriers.
In contrast to the OFDM system, the FBMC waveform is
demonstrated to be less sensitive to timing errors between the

different cells, due to the better frequency localization of the
prototype filter.
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